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Abstract
Findingways to test the behaviour of quantumdevices is a timely enterprise, especially in light of the
rapid development of quantum technologies. Device-independent self-testing is one desirable
approach, as itmakesminimal assumptions on the devices being tested. In this work, we address the
question of which states can be self-tested. This has been answered recently in the bipartite case
(Coladangelo et al 2017Nat. Commun. 8 15485), while it is largely unexplored in themultipartite case,
with only a few scattered results, using a variety of differentmethods:maximal violation of a Bell
inequality, numerical SWAPmethod, stabiliser self-testing etc. In this work, we investigate a simple,
and potentially unifying, approach: combining projections onto two-qubit spaces (projecting parties
or degrees of freedom) and then usingmaximal violation of the tiltedCHSH inequalities. This allows
one to obtain self-testing ofDicke states and partially entangledGHZ states with twomeasurements
per party, and also to recover self-testing of graph states (previously knownonly through stabiliser
methods). Finally, we give the ﬁrst self-test of a class ofmultipartite qudit states: we generalise the self-
testing of partially entangledGHZ states by adapting techniques from (Coladangelo et al 2017Nat.
Commun. 8 15485), and show that allmultipartite states which admit a Schmidt decomposition can be
self-testedwith fewmeasurements.
1. Introduction
The rapid development of quantum technologies in recent years creates an urgent need for certiﬁcation tools.
Quantumcomputing and quantum simulation are state of the art tasks which require veriﬁable realisations. One
way to certify the correct functioning of a quantum computer would be to ask it to solve a problem that is
thought to be hard for a classical computer, like factoring large numbers and simply checking the correctness of
the solution.However, it is conjectured that the class of problems that can be solved efﬁciently on a quantum
computer (BQP) has elements outside the class of problemswhose solution can be checked classically (NP) [1],
whichmakes this type of veriﬁcation incomplete. Thus, efforts have beenmade towards building reliable
certiﬁcation protocols for quantum systems performing universal quantum computing or quantum simulations
[2–4]. In this work, we investigate one of the basic building blocks for such veriﬁcations tasks, namely
certiﬁcation of a particular quantum state.
A canonical way to approach the problemof certiﬁcation of quantum states is to exploit tomographic
protocols [5]. Unfortunately, quantumdevices performing tasks such as quantum computation typically involve
multipartite quantum states and the complexity of tomographic techniques scales exponentially with the
number of particles involved.Moreover, they demand a set of trustedmeasurements, which in certain scenarios
is not an available resource.
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An alternative technique able to positively address these problems is self-testing [6]. Contrary to quantum
state and process tomography, self-testing is a completely device-independent task. It aims to verify that a given
quantumdevice operates on a certain quantum state, and performs certainmeasurements on it, solely from the
correlations it generates. The building block for this, as well as for all other device-independent protocols is Bell’s
theorem [7], which says that correlations violating Bell inequalities do not admit local hidden-variablemodels.
Thus, correlations useful for self-testingmust be non-local. Self-testingwas formally introduced byMayers and
Yao [6]. Since then, there has been growing interest in designing self-testingmethods [8–12], and studying their
robustness [8, 13, 14]. An important recent development shows that all pure entangled bipartite states can be
self-tested [15]. As for applications, self-testingmethods have successfully been employed in protocols for
quantumkey distribution [16, 17], randomness expansion [17], and veriﬁcation of quantum computations [4,
18–20].
Most of the currently known self-testing protocols, however, are tailored to bipartite states, leaving the
multipartite scenario rather unexplored. The known examples cover only the tripartiteW state, a class of
partially entangled tripartite states [21, 22] and graph states [23]. The aimof this paper is to extend the class of
multipartite states that can be self-tested, by investigating a simple approach that exploits thewell-understood
self-testing of two-qubit states. At a high level, this is done by combining projections to two-qubit spaces and
then exploitingmaximal violation of tiltedCHSH inequalities. Using this potentially unifying approach, we
show self-testing of all Dicke states and partially entangledGHZ states with only twomeasurements per party.
We also show that ourmethod efﬁciently applies also to self-testing of graph states, previously known only
through stabiliser statemethods, with a slight improvement in the number ofmeasurement settings per party.
Finally, using techniques from [15] as a building block, we provide the ﬁrst self-testing result for a class of
multipartite qudit states, by showing that allmultipartite qudit states which possess a Schmidt decomposition
can be self-tested, with atmost fourmeasurements per party5.
2. Preliminaries
Self-testing is a device-independent task [24]whose aim is to characterise the formof the quantum state and
measurements solely from the correlations that they generate. To introduce it formally, considerNnon-
communicating parties sharing someN-partite state yñ∣ . On its share of this state, party i can performone of
several projectivemeasurements { }Mx ia a,ii i, labelled by Îxi i, with possible outcomes Îai i. Herei andi
stand forﬁnite alphabets of possible questions and answers for party i. The experiment is characterised by a
collection of conditional probabilities  ¼ ¼ Î Î{ ( ∣ ) }p a a x x a, , , , :N N i i x1 1 i i, where
y y¼ ¼ = á Ä¼Ä ñ( ∣ ) ∣ ∣ ( )p a a x x M M, , , , 1N N xa x Na1 1 ,1 ,NN11
is the probability of obtaining outputs ¼a a, , N1 uponperforming themeasurements ¼x x, , N1 6.We refer to
this as a correlation. It is sometimes convenient to describe correlationswith the aid of standard correlators,
where instead ofmeasurement operators Mx
a
i
i one usesHermitian observables with eigenvalues±1.Now,we
can formally deﬁne self-testing in the followingway.
Deﬁnition 1 (Self-testing).We say that a correlation  ¼ ¼ Î Î{ ( ∣ ) }p a a x x a, , , , :N N i i x1 1 i i self-tests the state
y¢ñ∣ andmeasurements { ˜ }Mx ia a,ii i, i=1,K,N, if for any state andmeasurements yñ∣ and { }Mx ia a,ii i, i=1,K,N,
reproducing the correlation, there exists a local isometry F = F Ä¼Ä FN1 such that
y yF Ä¼Ä ñ = ñ Ä Ä¼Ä ¢ñ( ∣ ) ∣ ( ˜ ˜ ∣ ) ( )M M M Maux , 2xa x Na xa x Na,1 , ,1 ,NN NN11 11
where ñ∣aux is an auxiliary state.
Intuitively, we can think of the self-testing correlations as characterising the state andmeasurements that
achieve them, up to a local isometry. Indeed, this is the best possible characterisation that one can hope for. In
fact, one can never characterise the state andmeasurements exactly by the observed correlation: this is because
correlations are invariant under local unitary transformations or embeddings inHilbert spaces of higher
dimension.Moreover, we point out that it is not possible to self-testmixed states: this is because for all
correlations that can be obtained bymeasuring amixed state, there exists a pure state of the same dimension that
can bemeasured to obtain the same correlations [25].
5
By ‘nmeasurements per party’wemean that each party has ndifferentmeasurement settings, not that the total number ofmeasurement
rounds performed in the experiment by each party is equal to n.
6
We take the parties’measurements to be projective, invokingNaimark’s dilation theorem.We take the joint state to be pure for ease of
exposition, butwe emphasise that all of our proofs hold analogously starting from a jointmixed state.
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In some cases the existence of the required isometry can be proven solely from themaximal violation of
someBell inequality. For instance, all two-qubit pure entangled states can be self-testedwith a one-parameter
class of tiltedCHSHBell inequalities [10] given by
a aá ñ + á ñ + á ñ + á ñ - á ñ + ( )A A B A B A B A B 2 , 30 0 0 0 1 1 0 1 1
where a 0 andAi andBi are observables with outcomes±1measured by the parties. Note that forα=0, (3)
reproduces thewell-knownCHSHBell inequality [26]. For further purposes let us brieﬂy recall this result. Here
sz and sx are the standard Paulimatrices.
Lemma1 (Reference [10]). Suppose a bipartite state yñ∣ and dichotomic observables Ai and Bi achieve themaximal
quantum violation of the tilted CHSH inequality (3) a+8 2 2 , for someα. Let q m pÎ ( ), 0, 2 be such that
q a a= - +[( ) ( )]sin 2 4 42 2 12 and m q= arctansin2 . Let =Z AA 0, =X AA 1. Let *ZB and *XB be, respectively,
m+( )B B 2 cos0 1 and m-( )B B 2 sin0 1 , but with all zero eigenvalues replaced by one, and deﬁne * *= -∣ ∣Z Z ZB B B 1
and * *= -∣ ∣X X XB B B 1. Then, we have
y yñ = ñ∣ ∣ ( )Z Z , 4A B
 q y q y
y y
- ñ = + ñ
ñ = ñ =
( )∣ ( )∣
{ }∣ { }∣ ( )
X Z X Z
Z X Z X
cos sin ,
, 0, , 0. 5
A A B A
A A B B
Moreover, there exists a local isometry F such that y yF Ä ñ = ñ Ä Ä ñq( ∣ ) ∣ ( ˜ ˜ )∣A B A Bauxi j i j , where
y q qñ = ñ + ñq∣ ∣ ∣cos 00 sin 11 , and s=A˜ z0 , s=A˜ x1 , and ms ms= B˜ cos sinz x0 1 .
A typical construction of the isometryΦ is the one encoding the SWAPgate, as illustrated inﬁgure 1.
Our aim in this paper is to exploit the above result to developmethods for self-testingmultipartite entangled
quantum states. Given anN-partite entangled state yñ∣ , the idea is that -N 2 chosen parties perform local
measurements on their shares of yñ∣ and the remaining two parties checkwhether the projected state they share
violatesmaximally (3) for the appropriateα (we can think of this as a sub-test). This procedure is repeated for
various subsets of -N 2 parties until the correlations imposed are sufﬁcient to characterise the state yñ∣ . Our
approach is inspired by [21], which shows that any state in the class a añ + ñ + ñ +(∣ ∣ ∣ )100 101 001 2 2 ,
containing the three-qubitW state, can be self-tested in this way.Wewill show that this approach can be
generalised in order to self-test new (and old) classes ofmultipartite states. Themain challenge is to show that all
the sub-tests of different pairs of parties are compatible. To bemore precise, for a generic state therewill always
be a party whichwill be involved in several different sub-tests and, in principle, will be required to use different
measurements to pass the different tests. Consequently, isometries (ﬁgure 1) corresponding to different sub-
tests are in principle constructed fromdifferent observables. However, a single isometry is required in order to
self-test the global state. Overcoming the problemof building a single isometry from several different ones is the
key step to achieve a valid self-test formultipartite states. For states that exhibit certain symmetries, this can be
done efﬁciently with fewmeasurements.We leave for future work the exploration for states that do not have any
particular symmetry.
In theN-partite scenario, parties will be denoted by numbers from1 toN andmeasurement observables by
capital letters with a superscript denoting the party. For a two-outcome observableW, we denote by
=  ( )( )W W 2 the projectors onto the±1 eigenspaces.We use the notation⌊ ⌋a to denote the biggest
integer n such that n a, while⌈ ⌉a is the smallest n such that n a.
Figure 1.Example of a circuit that takes as input a state yñ∣ satisfying (4) and (5), adds two ancillas, each in ñ∣0 , and outputs the state
y ñq∣ in tensor product with an auxiliary state ñ∣aux . HereH is the usualHadamard gate.
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3. Results
In this work, we expand the class of self-testablemultipartite states.More precisely, in section 3.1we show that
allmultipartite partially entangledGHZ (qubit) states can be self-testedwith twomeasurements per party. Then,
wemake use of this result as a building block to extend self-testing to allmultipartite entangled Schmidt-
decomposable qudit states, of any local dimension d, with only threemeasurements per party (except one party
has four). To the best of our knowledge, this is theﬁrst self-test formultipartite states of qudits, for >d 2.
Finally, in sections 3.2 and 3.3we apply the approach used formultipartite partially entangledGHZ (qubit) states
to the self-test the classes ofDicke states and graph states (previously known to be self-testable through stabiliser
methods [23]).
3.1. Allmultipartite entangled qudit Schmidt states
While in the bipartite setting all states admit a Schmidt decomposition, in the generalmultipartite setting this is
not the case.We refer to thosemultipartite states that admit a Schmidt decomposition as Schmidt states. By a
Schmidt state we consider amultipartite state Yñ∣ acting on   Ä Äd d dN1 2 that by local unitary
transformations can be brought to the following form
åYñ = ñ
=
-
Ä∣ ∣ ( )c j , 6
j
d
j
N
0
1
where =d dmini i, < <c0 1j for all i andå ==- c 1jd j01 2 . Typicality ofmultipartite states that are equivalent to
some Schmidt state up to a local unitary is discussed in [27, 28].
Our proof that allmultipartite entangled Schmidt states can be self-tested follows closely the ideas from [15],
while leveraging as a building block our novel self-testing result for partially entangledGHZ states. Thus, we
proceed by ﬁrst proving a self-testing theorem formultipartite partially entangled qubit GHZ states.
3.1.1.Multipartite partially entangledGHZ states
Multipartite qubit Schmidt states, also known as partially entangledGHZ states, are of the form
q q qñ = ñ + ñÄ Ä∣ ( ) ∣ ∣ ( )GHZ cos 0 sin 1 , 7N N N
where q pÎ ( ]0, 4 and p ñ = ñ∣ ( ) ∣GHZ 4 GHZN N is the standardN-qubit GHZ state. The formof this state is
such that if any subset of -N 2 parties performs a sX measurement, the collapsed state shared by the remaining
two parties is q qñ  ñ∣ ∣cos 00 sin 11 , depending on the parity of themeasurement outcomes. As already
mentioned, these states can be self-tested with the aid of inequality (3), which is themain ingredient of our self-
test of q ñ∣ ( )GHZN .
Theorem1. Let yñ∣ be anN-partite state, and let A A,i i0, 1, be a pair of binary observables for the ith party, for i=1,
K, N. Suppose the following correlations are satisﬁed:
y y y y qá ñ = á ñ = " Î ¼ -+ + +∣ ∣ ∣ ∣ { } ( )( ) ( ) ( )A A A i j Ncos , , 1, , 1 , 8i i j0, 0, 0, 2
y yá ñ = " Î + -
=
-
-
-∣ ∣ { } ( )( )A a1
2
, , , 9
i
N
i
a
N
N
1
2
1, 2
2i
y aá + + + -
=
-
- - - -∣ ( ( ) ( )( ) ( )A A A A A A A A1 10
i
N
i
a
N N N N N
h a
N N
1
2
1, 0, 1 0, 1 0, 0, 1 1, 1, 1 0,
i
y a- - ñ = + " Î + -- - - -( ) )∣ { } ( )( )A A a1
8 2
2
, , , 11h a N N N
N
1, 2 1, 1
2
2
2
where h(a) denotes the parity of the number of ‘−’ in a, and a q q= +2 cos 2 1 sin 22 . Let m be such that
m q=tan sin 2 . Deﬁne =Z Ai i0, and =X Ai i1, , for = ¼ -i N1, , 1. Then, let m¢ = +( )Z A A 2 cosN N N0, 1, ,
and let *ZN be ¢ZN with zero eigenvalues replaced by 1.Deﬁne * *= -∣ ∣Z Z ZN N N 1. Deﬁne XN similarly starting from
m¢ = -( )X A A 2 sinN N N0, 1, . Then
y yñ= = ñ∣ ∣ ( )Z Z , 12N1
y q y- ñ = + ñ ( )∣ ( )∣ ( )X X I Z I Ztan . 13D1 1 1
Proof.We refer the reader to appendix A for the formal proof of this theorem,while providing here an intuitive
understanding of the correlations given above. Theﬁrst equation (8) deﬁnes the existence of onemeasurement
observable, whosemarginal carries the information of angle θ. The straightforward consequence of it is (12),
which is analogue to (4). On the other hand, (9) involves a differentmeasurement observable with zeromarginal,
while (10) shows thatwhen theﬁrst -N 2 parties perform this zeromarginalmeasurement the remaining two
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partiesmaximally violate the corresponding tiltedCHSH inequality, i.e. the reduced state is self-tested to be the
partially entangled pair of qubits. Note that (13) is analogue to (5).
As a corollary, these correlations self-test the state q ñ∣ ( )GHZN .
Corollary 1. Let yñ∣ be anN-partite state, and let A A,i i0, 1, be a pair of binary observables for the ith party, for i=1,
K, N. Suppose they satisfy the correlations of theorem 1. Then, there exists a local isometry F such that
y qF ñ = ñ ñ(∣ ) ∣ ∣ ( ) ( )aux GHZ . 14N
Proof.This follows as a special case (d= 2) of lemma 2 stated below, upon deﬁning = + -[ ( ) ]( )P I Z1 2i k k i ,
for Î { }k 0, 1 .
As one can expect, the idealmeasurements achieving these correlations are: s=A i z0, , s=A i x1, , for
= ¼ -i N1, , 1, and qs qs= +A cos sinN z x0, , qs qs= -A cos sinN z x1, .We refer to the correlations
achieved by these idealmeasurements as the ideal correlations formultipartite entangledGHZ states.
3.1.2. All multipartite entangled qudit Schmidt states
The generalisation of theorem1 to allmultipartite qudit Schmidt states is then an adaptation of the proof in [15]
for the bipartite case, with the difference that it uses as a building block the q ñ∣ ( )GHZN self-test that we just
developed, instead of the tiltedCHSH inequality.
We begin by stating a straightforward generalisation to themultipartite setting of the criterion from [29]
which gives sufﬁcient conditions for self-testing a Schmidt state. Then, our proof that allmultipartite entangled
qudit Schmidt states can be self-tested goes through showing the existence of operators satisfying the conditions
of such criterion.
Lemma2 (Generalisation of criterion from [29]). Let Yñ∣ be a state of the form (6). Suppose there exist sets of
unitaries =-{ }( )Xl k kd 01, where the subscript Î { }l N1, ..., indicates that the operator acts on the system of the lth party,
and sets of projections =-{ }( )Pl k kd 01, that are complete and orthogonal for = ¼ -l N1, , 1and need not be such for
l=N, and they satisfy:
y yñ = = ñ∣ ∣ ( )( ) ( )P P... , 15k Nk1
y yñ = ñ∣ ∣ ( )( ) ( ) ( ) ( )X X P c
c
P... 16k N
k k k
1 1
0
1
0
for all k=1,K, N. Then, there exists a local isometry F such that yF ñ = ñ Ä Yñ(∣ ) ∣ ∣aux .
Proof.The proof of lemma 2 is a straightforward generalisation of the proof of the criterion from [29], and is
included in the appendix for completeness.
We nowdescribe the self-testing correlations for Yñ = å ñ=- Ä∣ ∣c jjd j n01 . Their structure is inspired by the self-
testing correlations from [15] for the bipartite case, and they consist of three d-outcomemeasurements for all
but the last party, which has four.We describe thembyﬁrst presenting the idealmeasurements that achieve
them, as we believe this aids understanding. Subsequently, we extract their essential properties that guarantee
self-testing. For a single-qubit observableA, denote by [ ]A m the observable deﬁnedwith respect to the basis
ñ + ñ{∣ ∣( ) }m d m d2 mod , 2 1 mod . For example, s = ñá - + ñá +[ ] ∣ ∣ ∣ ∣m m m m2 2 2 1 2 1Z m . Similarly, we
denote by ¢[ ]A m the observable deﬁnedwith respect to the basis + ñ + ñ{∣( ) ∣( ) }m d m d2 1 mod , 2 2 mod .We
use the notation ⨁ Ai to denote the direct sumof observablesAi.
Leti denote the question alphabet of the ith party, and let = { }0, 1, 2i for = ¼ -i N1, , 1, and
 = { }0, 1, 2, 3N . Let Îxi i denote a question to the ith party. The answer alphabets are
 = ¼ -{ }d0, 1, , 1i , for i=1,K,N.
Deﬁnition 2 (Idealmeasurements formultipartite entangled Schmidt states).TheN partiesmake the
followingmeasurements on the joint state Yñ = å ñ=- Ä∣ ∣c jjd j n01 .
For = ¼ -i N1, , 1:
• For question xi=0, the ith partymeasures in the computational basis ñ ñ - ñ{∣ ∣ ∣ }d0 , 1 , , 1 of its system.
• For xi=1 and xi=2: for d even, in the eigenbases of observables s=-⨁ [ ]m X m01
d
2 and s ¢=-⨁ [ ]m X m01
d
2 , respectively,
with the natural assignments of dmeasurement outcomes; for d odd, in the eigenbases of observables
s Å - ñá -=-
-
⨁ [ ] ∣ ∣d d1 1m X m0 1
d 1
2 and sñá Å ¢=-
-
∣ ∣ ⨁ [ ]0 0 m X m0 1
d 1
2 , respectively.
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For i=N:
• For xN=0 and xN=1, the partyNmeasures in the eigenbases of m s m s+=-⨁ [ ( ) ( ) ]cos sinm m Z m X m01
d
2 and
m s m s-=-⨁ [ ( ) ( ) ]cos sinm m Z m X m01
d
2 , respectively, with the natural assignments of dmeasurement outcomes,
where m q= [ ( )]arctan sin 2m m and q = +( )c carctan ;m m m2 1 2 for d odd, hemeasures in the eigenbases of
m s m s+ Å - ñá -=-
-
⨁ [ ( ) ( ) ] ∣ ∣d dcos sin 1 1m m Z m X m0
1d 12 and
m s m s- Å - ñá -=-
-
⨁ [ ( ) ( ) ] ∣ ∣d dcos sin 1 1m m Z m X m0
1d 12 , respectively.
• For xN=2 and xN=3: for d even, theNth partymeasures in the eigenbases of
m s m s¢ + ¢ ¢=-⨁ [ ( ) ( ) ]cos sinm m Z m X m01
d
2 and m s m s¢ - ¢ ¢=-⨁ [ ( ) ( ) ]cos sinm m Z m X m01
d
2 , respectively, where
m q¢ = ¢[ ( )]arctan sin 2m m and q¢ = + +( )c carctan ;m m m2 2 2 1 for d odd, in the eigenbases of
m s m sñá Å ¢ + ¢ ¢=-
-
∣ ∣ ⨁ [ ( ) ( ) ]0 0 cos sinm m Z m X m0
1d 12 and m s m sñá Å ¢ - ¢ ¢=-
-
∣ ∣ ⨁ [ ( ) ( ) ]0 0 cos sinm m Z m X m0
1d 12 ,
respectively.
We refer to the correlation speciﬁed by the idealmeasurements above as the ideal correlation formultipartite
entangled Schmidt states.
Next, wewill highlight a set of properties of the ideal correlation that are enough to characterise it, in the
sense that any quantum correlation that satisﬁes these properties has to be the ideal one. This also aids
understanding of the self-testing proof (proof of theorem 2). Inwhat follows, wewill employ the language of
correlation tables, which gives a convenient way to describe correlations. In general, leti be the question
alphabers andi the answer alphabets. A correlation speciﬁes, for each possible question  Î ´ ´x 1 , a
tableTxwith entries =( ) ( ∣ )T a p a xx for  Î ´ ´a N1 . For example, we denote the correlation tables for
the ideal correlations formultipartite entangledGHZ states from theorem1 as q( )TxghzN m , where Î { }x 0, 1 N
denotes the question.
Deﬁnition 3 (Self-testing properties of the ideal correlations formultipartite entangled Schmidt states).
Recall that = { }0, 1, 2i for = ¼ -i N1, , 1, and = { }0, 1, 2, 3N . = ¼ -{ }d0, 1, , 1i ,
for i=1,K,N.
The self-testing properties of the ideal correlations are:
• For questions Î { }x 0, 1 N , we requireTx to be block-diagonal with 2´ N blocks
+ q+≔ ( ) · ( )C c c Tx m m m x, 22 2 12 ghzN m corresponding to outcomes in +{ }m m2 , 2 1 N , where themultiplication
by theweight is intended entry-wise, and q +≔ ( )c carctanm m m2 1 2 .
• For questionswith Î { }x 0, 2i , for = ¼ -i N1, , 1and Î { }x 2, 3N we requireTx to be block-diagonal
with the 2´ N blocks ‘shifted down’ by onemeasurement outcome. These should be
+ q+ + ¼¢ -≔ ( ) · ( ) ( ) ( )( )D c c Tx m m m f x f x g x, 2 12 2 22 , , ,ghz N NN m1 1 corresponding tomeasurement outcomes in
+ +{ }m m2 1, 2 2 N , where q¢ + +≔ ( )c carctanm m m2 2 2 1 and =( )f 0 0, =( )f 2 1, =( )g 2 0, =( )g 3 1.
We are now ready to state themain theoremof this section.
Theorem2. Let Yñ = å ñ=- Ä∣ ∣c jjd j N01 , where < <c0 1j for all i andå ==- c 1jd j01 2 . SupposeN parties exhibit the
ideal correlations formultipartite entangled Schmidt states from deﬁnition 2 bymaking local measurements on a joint
state yñ∣ . Then there exists a local isometry F such that yF ñ = ñ Ä Yñ(∣ ) ∣ ∣aux .
Aswementioned, the proof of theorem2 follows closely themethod of [15], and uses as a building block our
self-testing of the n-partite partially entangledGHZ state. For the details, we refer the reader to appendix C.
3.2. SymmetricDicke states
Let us now consider the symmetric Dicke states. These are simultaneous eigenstates of the square of the total
angularmomentumoperator J 2 ofN qubits and its projection onto the z-axis Jz. In a concise way they can be
stated as
åñ = ñ ñ- Ä Ä -⎜ ⎟⎛⎝
⎞
⎠∣ (∣ ∣ ) ( )( )D
N
k
P 1 0 , 17N
k
i
i
k N k
1
2
where the sum goes over all permutations of the parties and k is the number of excitations. For instance, for
k=1 they reproduce theN-qubitW state:
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ñ = ¼ ñ + ¼ ñ +¼+ ¼ ñ∣ (∣ ∣ ∣ ) ( )W
N
1
0 01 0 10 10 0 . 18N
Interestingly, Dicke states have been generated experimentally [30] and have important role inmetrology tasks
[31] and quantumnetworking protocols [32].
We now showhow to self-test Dicke states. For convenience, we consider the unitarily equivalent state
sñ = ñ∣ ∣xD DNk xN Nk with sxN denoting sx applied to partyN. Our self-test exploits the fact that everyDicke state
can bewritten as
ñ = - ñ ñ + ñ ñ- --∣ ( ∣ ∣ ∣ ∣ ) ( )xD
N
N m xD m xD
1
0 1 19N
k
N
k
N
k
1 1
1
which, after recursive application, allows one to express it in terms of the +( )k 1 -partiteW state, that is
åñ = ¼ ñ ñ
¼ =
+
-W
- - +-W
- -
( )
( )
∣ ∣ ∣ ( )xD i i xD, , , 20Nk
i i
k
k
N
k
N k k
k
, , 0
1
1
1 1 1
N k1 1
1
2
1
2
where theﬁrst ket is shared by the parties ¼ - -N k1, , 1and W = + ¼+ - -i iN k1 1. Now, for
=¼ = =- -i i 0N k1 1 , the corresponding state ñ+∣xDkk 1 is simply a rotated +( )k 1 -partiteW state
s ñÄ + +∣( ) xWx k k1 1 .Moreover, due to the fact that theDicke states are symmetric, the above decomposition holds
for any choice of - -N k 1parties among the ﬁrst -N 1parties. Thus, if we had a self-test for theN-partiteW
state ñ∣xWN , we could use the above formula to generalise it to anyDicke state. Let us then showhow to self-test
anyW state.
Theorem3. Let the state yñ∣ andmeasurements Z X,i i for parties = ¼ -i N1, , 1andDN and EN for the last
party, satisfy the following conditions:
= Ä =
= ¹
- +
= ¹
- + +⨂ ⨂ ( )( ) ( ) ( )Z
N
Z B
N
2
,
4 2
, 21
l l i
N
l
l l i
N
l i N
1,
1
1,
1
,
with = ¼ -i N1, , 1, where, as before, = Ä + Ä + Ä - Ä+( )B Z D Z E X D X Ei N i N i N i N i N, is the Bell
operator between the parties i andN.Moreover, we assume that
á ñ = Ä =-
= ¹
- + -⨂ ( )( ) ( ) ( )Z
N
Z Z
N
1
,
1
22i
l l i
N
i i
1,
1
with = ¼ -i N1, , 1. Then, for the isometry FN one has yF ñ = ñ ñ(∣ ) ∣ ∣xWaux .N N
Wedefer the detailed proof to appendixD, presenting here only a sketch. The proofmakes use of the fact
that ñ∣xWN can bewritten as ñ ñ + ñ + ñÄ -[∣ (∣ ∣ ) ∣ ] N0 00 11 restN i N i2 , , where ñ + ñ(∣ ∣ )00 11 i N, is themaximally
entangled state between the parties i andN, and the state ñ∣resti collects all the remaining kets.We thus impose in
(21) that if -( )N 2 -partite subset of theﬁrst -N 1parties obtains+1whenmeasuringZi on yñ∣ , the state held
by the parties i andN violatesmaximally theCHSHBell inequality. Conditions in (22) are needed to characterise
ñ∣resti , which completes the proof.
Let us nowdemonstrate how the above result can be applied to self-test anyDicke state. First, let us simplify
our considerations by noting that aDicke state with  ⌊ ⌋k N 2 is unitarily equivalent to aDicke state with
 ⌈ ⌉m N 2 , i.e., sñ = ñÄ -∣ ∣D DNk z N NN k for = ¼ ⌊ ⌋k N0, , 2 . Thus, it is enough to consider theDicke states with ⌊ ⌋k N 2 . Second, due to the fact that theorem3 is formulated for ñ∣xWN , while in the decomposition (20)we
have s ñÄ + ∣( ) xWx k N1 , one has tomodify the conditions in (21) and (22) as «+ -( ) ( )Z Zi i for = ¼ -i N1, , 1, and
 -D EN N and  -E DN N .
Then, to self-test theDicke states one proceeds in the followingway:
(i) Project any - -( )N k 1 -element subset i of the ﬁrst -N 1 parties of yñ∣ (there are -- -( )NN k11 such
subsets) onto Î +⨂ ( )Zj ji and checkwhether the state corresponding to the remaining parties satisﬁes the
conditions for sñ = ñ+ Ä + +∣ ∣( )xD xWkk x k k1 1 1 .
(ii) For every sequence ¼( )i i, , N1 consisting of +k 1ones on the ﬁrst -N 1positions, check that the state yñ∣
obeys the following correlations
y yá Ä¼Ä ñ =∣ ∣ ( )( ) ( )Z Z 0, 23i Ni1 N1
where = + -t t[ ( ) ]( )Z Z1 2i ii i .
The detailed proof that the above procedure allows to self-test theDicke states is presented in appendix E.
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Notice that our self-test exploits two observables per site and the total number of correlators one has to
determine for everyDicke state in this procedure again scales linearly withN, in contrast with the exponential
scaling of quantum state tomography.
3.3. Graph states
Weﬁnally demonstrate that ourmethod applies also to the graph states. These areN-qubit quantum states that
have beenwidely exploited in quantum information processing, in particular in quantum computing, error
correction, and secret sharing (see e.g. [33]). It is thus an interesting question to design efﬁcientmethods of their
certiﬁcation, in particular self-testing. Such amethodwas proposed in [23] however, in general it needs three
measurements for at least one party. Belowwe show that the approach based on violation of theCHSHBell
inequality provides a small improvement, as it requires only twomeasurements at each site.
Before stating our result, we introduce somenotation. Consider a graph = ( )G V E, withV andE denoting,
respectively, theN-element set of vertices ofG and the set of edges connecting elements ofV. A graph state
corresponding toG is anN-qubit state given by y ñ =  + ñÎ Ä∣ ∣( ) UG a b E a b N, , , whereUa b, is the controlled-Z
interaction between qubits a and b, the product goes over all edges ofG, and +ñ = ñ + ñ∣ (∣ ∣ )0 1 2 . Notice
that y ñ∣ G can also bewritten as
åy ñ = - ñm
Î
∣ ( ) ∣ ( )
{ }
( ) i
1
2
1 , 24G
N
i
i
0,1 n
where the sum is over all sequences = ¼( )i ii , , N1 with each Î { }i 0, 1j , and m ( )i is the number of edges
connecting qubits being in the state ñ∣1 for a given ket ñ∣i .
Themain property of the graph states underlying our self-test is that bymeasuring all the neighbours of a
pair of connected qubits i j, in the sz-basis, the two qubits i and j are left in one of the Bell states (see [34]):
s sÄ +ñ + -ñ( )(∣ ∣ ) ( )1
2
0 1 , 25z
m
z
m
i j
wheremi is the number of parties from n ⧹{ }ji j, whose result of themeasurement in the sz-basis was−1. In (25)
weneglect an unimportant−1 factor thatmight appear.
Having all this, we can now state formally our result. Given a graphG and the corresponding graph state
y ñ∣ G , let ni denote the set of of all neighbours of the qubit i (all qubits connected to i by an edge). Likewise, we
denote by ni j, the set of neighbours of qubits i and j. Let then n∣ ∣i and n∣ ∣i j, be the numbers of elements of ni and
ni j, , respectively. Also, for simplicity, we label the qubits of y ñ∣ G in such away that the qubits -N 1andN are
connected and the qubitN is the onewith the smallest number of neighbours. Denoting = Änt n tÎ( ) ( )Z Zl li j i j l, , ,
where τ is an n∣ ∣i j, -element sequence with each t Î { }0, 1l (the operator nt( )Z i j, acts only on the parties belonging
to ni j, ), we can state our result.
Theorem4. Let yñ∣ andmeasurements Z X,i i with = ¼ -i N1, , 1and
º - º +( ) ( )D E Z D E D E, , 2 , 2N N N N N N N N , satisfy á ñ =nt n- -( ) ∣ ∣Z 1 2N N N N1, 1, , and
á Ä ñ =nt n-- - - ( )
( ) ( )
∣ ∣Z B
2 2
2
26N N
m m
1,
,
N N
N N
N N1,
1
1,
for every choice of the n∣ ∣i j, -element sequence t . The Bell operators - -( )BN Nm m1, ,N N1 are deﬁned as
= - Ä + + - Ä -- - -- -( ) ( ) ( ) ( )( )B X D E Z D E1 1 .N Nm m m N N N m N N N1, , 1 1N N N N1 1 Additionally, we assume that
á ñ = á Ä Ä ñ = -nt n nt n
( ) ( )( ) ∣ ∣
( )
∣ ∣Z Z Z X
1
2
,
1
2
27i j
m
i j i j i j
j
i j, , , ,
for all connected pairs of indices ¹i j except for -( )N N1, . Then y yF ñ = ñ(∣ ) ∣N G .
The proof of this statementmay be found in appendix F. It is worth noting that the above approach exploits
violations of theCHSHBell inequality between a single pair of parties (see (26)), and not between every pair of
neighbours.
4. Conclusion anddiscussion
We investigated a simple, but potentially general, approach to self-testingmultipartite states, inspired by [21],
which relies on thewell understoodmethod of self-testing bipartite qubit states based on themaximal violation
of the tiltedCHSHBell inequality. This approach allows one to self-test, with fewmeasurement choices per
party, all permutationally-invariant Dicke states, all partially entangledGHZqubit states, and to recover self-
testing of graph states (whichwas previously known through stabiliser-statemethods). In ourwork, we also
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generalise self-testing of partially entangledGHZqubit states to the qudit case, using techniques from [15].We
obtain theﬁrst self-testing result for a class ofmultipartite qudit states, by showing that allmultipartite qudit
states that admit a Schmidt decomposition can be self-tested. Importantly, our self-tests have a low complexity
in terms of resources as they require up to fourmeasurement choices per party, and the total number of
correlators that one needs to determine scales linearly with the number of parties. This is because, in contrast
with tomographicmethods, one does not need to check correlators between all possiblemeasurements of each
party, but a smaller number of correlators already imposes a rigid structure on the state.
As a direction for future work, we are particularly interested in extending this approach to self-test any
genericmultipartite entangled state of qubits (which is local-unitary equivalent to its complex conjugate in any
basis). Themain challenge here is to provide a general recipe to construct a single isometry that self-tests the
global state from the different ones derived from various subtests (i.e. fromprojecting various subsets of parties
and looking at the correlations of the remaining ones). This appears to be challenging for states that do not have
any particular symmetry.
In this paperwe have notmade any estimations regarding robustness of the presented self-testing protocols.
The standardmethods based on norm inequalities (see [8, 10, 11, 23]) can be applied to obtain robustness
bounds.However, calculating them is a tedious taskwhich for states ofmany particles generally does not lead to
practically useful bounds.Methods forﬁnding better bounds, such as those presented in [13, 14], are not easily
applicable tomultipatite states. In general, ﬁndingmethods to estimate robustness of self-testing ofmultipartite
states remains as one of the open questions.
Finally, notice that all presented self-tests which rely on themaximal violation of theCHSHBell inequality
can be restated and proved in terms of the other available self-tests. In particular, any self-test discussed in [9]
wouldwork in case of twomeasurements per site, and self-tests in [11]wouldwork for higher number of inputs.
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AppendixA. Proof of theorem1
For ease of exposition, we prove the theorem in the caseN=4, with the extension to generalN being
immediate.
Let A A B B C C D D, , , , , , ,0 1 0 1 0 1 0 1, be the pairs of observables for the four parties. For an observableD, let
= + -[ ( ) ]P D1 2Da a , and for brevity let qc and qs denote, respectively, qcos and qsin . For clarity, we recall
the correlations from theorem1, for the caseN=4:
y y y y y y y y y yá ñ = á ñ = á ñ = á ñ = á ñ = q∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ( )P P P P P P P c , A.1A B C A C B C0 0 0 0 0 0 0 20 0 0 0 0 0 0
y yá ñ = Î∣ ∣ ( )P P a b1
4
, for , 0, 1, A.2A
a
B
b
1 1
y a y aá + + + - - ñ = + Î+∣ ( ( ) ( ))∣ ( )P P C C D C D C D C D a b1 8 2
4
, for , 0, 1, A.3A
a
B
b a b
0 0 0 0 1 1 0 1 1
2
1 1
where q = -a( )tan 2 2 122 12 . Equations (A.1) imply, by Cauchy–Schwartz inequality, that
y y yñ = ñ = ñ∣ ∣ ∣ ( )P P P A.4A B C0 0 00 0 0
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and consequently
y y yñ = ñ = ñ∣ ∣ ∣ ( )P P P . A.5A B C1 1 10 0 0
Notice that equation (A.2) implies yñ = ∣P P 1 2Aa Bb1 1 , for Î { }a b, 0, 1 , and that the equations in (A.3)
describemaximal violations of tiltedCHSH inequalities by the normalised state yñ∣P P2 Aa Bb1 1 , for Î { }a b, 0, 1
(the ones for Å =a b 1are tiltedCHSH inequalities upon relabelling  -D D1 1).
Letμ be such that m = qstan 2 . Deﬁne ≔ ≔X A X B,A B1 1 and ≔X CC 1. Then, let
m¢ = +( )Z D D 2 cosD 0 1 , and let *ZDbe ¢ZD wherewe have replaced the zero eigenvalues with 1.Deﬁne
* *= -∣ ∣Z Z ZD D D 1. DeﬁneXD similarly starting from m¢ = -( )X D D 2 cosD 0 1 . Let = + -[ ( ) ]P Z1 2Za a DD . The
maximal violations of tiltedCHSH from (A.3) imply, thanks to lemma 1, that
= Î { } ( )P P a, for 0, 1 , A.6Ca ZaD0
y yñ = - ñ Îq q+∣ ( ) ∣ { } ( )s P P X X P c P P P a b1 , for , 0, 1 . A.7Aa Bb C D C a b Aa Bb C0 11 1 0 1 1 0
If we introduce notation = =X A X B,A B1 1 and =X CC 1, then
y y
y y y
y
ñ= - - ñ
= ñ - ñ - ñ
+ ñ
∣ ( )( ) ∣
∣ ∣ ∣
∣ ( )
X X X X P P P P P X X P
P P X X P P P X X P P P X X P
P P X X P A.8
A B C D A A A B B C D C
A B C D C A B C D C A B C D C
A B C D C
1 0 1 0 1 1
0 0 1 0 1 1 1 0 1
1 1 1
0 1 1 1 1 0
1 1 0 1 1 0 1 1 0
1 1 0
y y y y
y
= ñ + ñ + ñ + ñ
= ñ
q
q
q
q
q
q
q
q
q
q
∣ ∣ ∣ ∣
∣ ( )
s
c
P P P
s
c
P P P
s
c
P P P
s
c
P P P
s
c
P , A.9
A B A A B A A B A A B A
A
0 0 0 0 1 0 0 1 0 1 1 0
0
1 1 0 1 1 0 1 1 0 1 1 0
0
wherewe used equation (A.7) to obtain the third line, and å =Î{ }P Pa b Aa Bb, 0,1 1 1 to obtain the last. Conditions
(12) and (13) of theorem1 follow immediately from the above. Note that we omitted the proof thatZD andXD
act on yñ∣ in the sameway as ¢ZD and ¢XD, respectively. The proof relies on the standard self-testing procedure
named regularisation. For a detailed proof see [10, 11].
Appendix B. Proof of lemma 2
In this section, we provide a proof of lemma 2.We explicitly construct a local isometryΦ such that
yF ñ = ñ Ä Yñ(∣ ) ∣ ∣aux for any Schmidt state Yñ = å ñ=- Ä∣ ∣c jjd j N01 , where < <c0 1j for all j andå ==- c 1jd j01 2 ,
and ñ∣aux is some auxiliary state.
Proof.Recall that =-{ }( )Pl k kd 01 are complete sets of orthogonal projections for = ¼ -l N1, , 1by hypothesis.
Then, notice that for ¹i j wehave, using condition (15), y y yñ = ñ = ñ =∣ ∣ ∣( ) ( ) ( ) ( ) ( ) ( )P P P P P P 0Ni Nj Ni j j i1 1 1 , i.e., the
( )PN
k are ‘orthogonal when acting on yñ∣ ’.
Let be the unital algebra generated by { }( )P k1 . Let  y¢ = ñ∣ , where y yñ = ñ Î∣ { ∣ }Q Q: . Let
= ¢˜ ∣( ) ( )P PNk Nk be the restriction of ( )PNk to¢. Then, =-{ ˜ }( )PNk kd 01 is a set of orthogonal projections. This is because,
thanks to (15), one can alwaysmove the relevant operators to be in front of yñ∣ , as in the simple example
y yñ¢ = ñ =˜ ˜ ( ∣ ) ˜ ˜ ∣ ( )( ) ( ) ( ) ( ) ( ) ( )P P P P P P 0. B.1Ni Nj k k Ni Nj1 1
Thus, the set - ¢{ ˜ }( )P I P,Bk B , where ¢PB is the sumof all other projections, is a complete set of orthogonal
projections.
Now, deﬁne wå =-≔ ( )Z Pl kd k l k01 , for = ¼ -l N1, , 1, and wå + - å=- =-≔ ˜ ˜( ) ( )Z P PN kd k Nk kd Nk01 01 . In part-
icular, theZl are all unitary. Notice,moreover, that  y- å ñ =( ˜ )∣( )P 0k Nk , by using (15) and the fact that the
{ }( )Pl k are complete.
Deﬁne the local isometry
F
=
¢ ¢ ¢ ¢≔ ⨂ ¯ ( )R F S F App , B.2
l
N
ll l ll l l
1
where    Ä ¢App :l l l l is the isometry that simply appends ñ ¢∣0 l , F is the quantumFourier transform, F¯ is
the inverse quantumFourier transform, ¢Rll is deﬁned so that f f fñ ñ ñ ñ " ñ¢ ¢∣ ∣ ∣ ∣ ∣( )k X kl l l k l l , and ¢Sll is deﬁned
so that f f fñ ñ ñ ñ " ñ¢ ¢∣ ∣ ∣ ∣ ∣k Z kl l lk l l .We compute the action ofΦ on yñ∣ . For ease of notationwith drop the
tildes from the ˜( )PN
k
, while still referring to the new orthogonal projections.
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where to get (B.4)weused condition (15). It is an easy check to see that thewhole proof above can be repeated by
starting from amixed joint state, yielding a corresponding version of the lemma that holds for a generalmixed
state. ,
AppendixC. Proof of theorem2
Asmentioned, wework in the tripartite case, as the general n-partite case follows analogously. The
measurements of Alice, Bob andCharlie can be assumed to be projective, sincewemake no assumption on the
dimension of the system. For ease of notation, the proof assumes that the joint state is pure, but one easily realises
that the proof goes through in the sameway by rephrasing everything in terms of densitymatrices (see [15] for a
slightlymore detailed discussion).
Let yñ∣ be the unknown joint state, and let PAax be the projection onAlice side corresponding obtaining
outcome a on question x. Deﬁne PB
b
y
and PC
c
z
similarly onBob andCharlie’s side. The proof structure follows
closely that of [15], and goes through explicitly constructing projectors and unitary operators satisfying the
sufﬁcient conditions of lemma 2.
Deﬁne = - +Aˆ P Px m Am Am, 2 2 1x x , = - +Bˆ P Py m Bm Bm, 2 2 1y y and = - +Cˆ P Pz m Cm Cm, 2 2 1z z , for Î { }x y z, , 0, 1 . Let
 = + +P PAm Am Am2 2 1x x x and similarly deﬁne Bmy and Cmz for Î { }x y z, , 0, 1 . Now
å å
y y
y y
=á ñ
=
=
=
-
=
-
 
⎛
⎝
⎜⎜
⎞
⎠
⎟⎟
∣ ∣
∣ ∣
( )
P P
P P P
c , C.1
A
m
A
m
A
m
i
d
B
i
j
d
C
j
m
2 2
2
0
1
0
1
2
0 0
1
2
0 0 0
1
2
and =+ + P cAm m2 1 2 10 . Similarly, we derive   y y yñ = ñ = ñ = + +     ∣ ∣ ∣ ( )c cAm Bm Cm m m22 2 12 1 2x y z for anym
and Î { }x y z, , 0, 1 . Notice then that
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   
  
åy y y y
y y
á ñ= á ñ
= á ñ
= +
=
-
+
∣ ∣ ∣ ∣
∣ ∣
( )
P
c c , C.2
A
m
B
m
A
m
B
m
i
d
C
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A
m
B
m
C
m
m m
0
1
2
2
2 1
2
x y x y
x y
0
0
where the second last equality is from the block-diagonal structure of the correlations. Since
 y yñ = ñ = + +   ∣ ∣ ( )c cAm Bm m m22 2 12 1 2x y , thenCauchy–Schwartz inequality implies  y yñ = ñ∣ ∣Am Bmx y . So, we
have
  y y yñ = ñ = ñ∣ ∣ ∣ ( )C.3Am Bm Cmx y z
for all Î { }x y z, , 0, 1 . The correlations are, by design, such that ˆ ˆ ˆ ˆ ˆ ˆA A B B C C, , , , ,m m m m m m0, 1, 0, 1, 0, 0, , the
associated projections P P P, ,A
j
B
j
C
j
i i i
, Î +{ }j m m2 , 2 1 and yñ∣ reproduce the correlations
+ + q( ) ·c c Cm m x y z22 2 12 , ,ghz m3,2, . In order to apply theorem 1,we need to deﬁne the normalised state
y y¢ ñ ñ + +∣ ≔ ( ∣ ) ( )c cm Am m m22 2 12 1 20 and the ‘unitarized’ versions of the operators above, namely
 - +ˆ ≔ ˆD Di m mD i m, ,i , for Î { }D A B C, , . It is easy to check that then ˆ ˆA B,i m i m, , and Cˆi m, satisfy the conditions
of theorem1 (forN= 3) on state y¢ ñ∣ m . Thus, we have
y y y¢ ñ = ¢ ñ = ¢ ñ∣ ∣ ∣ ( )Z Z Z , C.4A m m B m m C m m, , ,
 y q y- ¢ ñ = + ¢ ñ( )∣ ( )( )∣ ( )X X X Z Ztan . C.5A m B m C m A m m m A m m, , , , ,
Deﬁne the subspace   = +( ) ( )range rangem mC mC0 1 , and the projection m onto subspace m. Then, notice from
theway ZC m, is deﬁned, that it can bewritten as  = - + ˜Z ZC m C m, ,m , where Z˜C m, is some operator living
entirely on subspace m. This implies that y y yñ = ñ = ñ∣ ˜ ∣ ˜ ∣Z Z ZC m m C m m C m, , , , wherewe have used (C.3) and the
fact that
   y y y yñ = ñ ñ = ñ∣ ∣ ⟹ ∣ ∣ ( ). C.6mC mC mCm i0 1
Hence, from (C.4) it is not difﬁcult to deduce that y y yñ = ñ = ñˆ ∣ ˆ ∣ ˜ ∣A B Zm m C m0, 0, , .
Constructing the projections of lemma 2.Deﬁne projections  + =≔ ( ˆ )( )P A P2A m mA m Am2 0, 20 0 ,
 - =+ +≔ ( ˆ )( )P A P2A m mA m Am2 1 0, 2 10 0 ,  + =≔ ( ˆ )( )P B P2B m mB m Bm2 0, 20 0 ,  - =+ +≔ ( ˆ )( )P B P2B m mB m Bm2 1 0, 2 10 0 ,
 +≔ ( ˜ )( )P Z 2C m C m2 ,m and  -+ ≔ ( ˜ )( )P Z 2C m C m2 1 ,m .
Note that +( ) ( )P P,C m C m2 2 1 are indeed projections, since Z˜C m, has all±1 eigenvalues corresponding to
subspace m, and is zero outside.We also have, for allm and = +k m m2 , 2 1,
 

y y y y
y y
ñ= ñ = + - ñ = + - ñ
= + - ñ = ñ
∣ ∣ [ ( ) ˆ ]∣ [ ( ) ˆ ]∣
[ ( ) ˜ ]∣ ∣ ( )
( ) ( )
( )
P P A A
Z P
1
2
1
1
2
1
1
2
1 . C.7
B
k
A
k
m
A k
m m
B k
m
k
B m C
k
0, 0,
,m
0 0
Further, notice that   y y y y+ - ¢ ñ = + - ¢ ñ = + - ñ = ñ[ ( ) ]∣ [ ( ) ˆ ]∣ [ ( ) ˆ ]∣ ∣( )Z A A P1 1 1k A m m mA k m m mA k m Ak, 0, 0,0 0 .
Substituting this into (C.5), gives
y q y yñ = ñ = ñ+ +∣ ( ) ∣ ∣ ( )( ) ( ) ( )X X X P P c
c
Ptan . C.8A m B m C m A
m
m A
m m
m
A
m
, , ,
2 1 2 2 1
2
2
Now, for the ‘shifted’ blocks, we can similarly deﬁne ¢Aˆx m, , ¢Bˆx m, and ¢Cˆx m, as = -+ +Aˆ P Px m Am Am, 2 1 2 2x x and
similar. Then, analogously, we deduce the existence of hermitian and unitary operators ¢YA m, , ¢YB m, and ¢YC m, such
that
y yñ = ñ+ +
+
+∣ ∣ ( )( ) ( )Y Y Y P c
c
P . C.9A m B m C m A
m m
m
A
m
, , ,
2 2 2 2
2 1
2 1
Constructing the unitary operators of lemma 2.Wewill nowdirectly construct unitary operators satisfying
conditions (15) and (16) of lemma 2.Deﬁne ( )XA B C
k as follows:

=
=
¼ = +
¼ =
- -
- -
⎧
⎨⎪
⎩⎪
( )( )X
k
X Y X Y X Y X k m
X Y X Y X Y k m
, if 0,
, if 2 1,
, if 2 ,
C.10A
k
A A A A A m A m A m
A A A A A m A m
,0 ,0 ,1 ,1 , 1 , 1 ,
,0 ,0 ,1 ,1 , 1 , 1
and analogously for ( )XB
k and ( )XC
k . Note that ( )XA
k and ( )XB
k are unitary since they are product of unitaries. Finally,
we are left to check that
y yñ = ñ∣ ∣ ( )( ) ( ) ( ) ( ) ( )X X X P c
c
P . C.11A
k
B
k
C
k
A
k k
A
0
0
12
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The case k=0 holds trivially. For = +k m2 1, For = +k m2 1,
y
y
y
y
y
y
ñ
= ¼
´ ñ
= ¼ ñ
= ¼
´ ñ
=¼
= ¼ ñ
= ñ
- - - - - -
+
+ - - - - - -
+
-
- - - -
- - -
+
-
+
∣
∣
∣
·
∣
· · ∣
∣ ( )
( ) ( ) ( ) ( )
( )
( )
( )
( )
( )
X X X P
X Y X Y X Y X Y X Y X Y
X X X P
c
c
X Y X Y X Y X Y X Y X Y P
c
c
c
c
X Y X Y X Y X Y X Y
X Y P
c
c
c
c
c
c
c
c
P
c
c
P C.12
A
k
B
k
C
k
A
k
A A B B C C A m A m B m B m C m C m
A m B m C m A
m
C m
m
A A B B C C A m A m B m B m C m C m A
m
C m
m
m
m
A A B B C C A m A m B m B m
C m C m A
m
m
m
m
m
A
m
A
,0 ,0 ,0 ,0 ,0 ,0 , 1 , 1 , 1 , 1 , 1 , 1
, , ,
2 1
.8 2 1
2
,0 ,0 ,0 ,0 ,0 ,0 , 1 , 1 , 1 , 1 , 1 , 1
2
.9 2 1
2
2
2 1
,0 ,0 ,0 ,0 ,0 ,0 , 2 , 2 , 2 , 2
, 2 , 2
2 1
2 1
2
2
2 1
2
1
1
0
0
2 1
0
0
which is indeed (C.11) as + =m k2 1 . The case =k m2 is similar. This concludes the proof of theorem2.
AppendixD. Self-testing of theW states
In this sectionwe provide a detailed proof of self-testing of the ñ∣WN state
ñ = ¼ ñ + ¼ ñ +¼+ ¼ ñ∣ (∣ ∣ ∣ ) ( )W
N
1
0 01 0 010 10 0 . D.1N
For our conveniencewe showhow to self-test the following unitarily equivalent state
ñ = ¼ ñ + ¼ ñ +¼+ ¼ ñ∣ (∣ ∣ ∣ ) ( )xW
N
1
0 0 0 011 10 01 , D.2N
which is obtained from ñ∣WN by applying sx to the last qubit of ñ∣WN . This is because ñ∣xWN can bewritten as
ñ = ñ ñ + ñ + ñÄ -∣ [∣ (∣ ∣ ) ∣ ] ( )xW
N
1
0 00 11 rest , D.3N N i N i2 ,
where ñ + ñ(∣ ∣ )00 11 i N, stands for the two-qubitmaximally entangled state distributed between the parties i and
Nwith = ¼ -i N1, , 1, and the vectors ñ∣resti contain the remaining kets. This decomposition explains the
conditionswe impose below.
Let us nowprove the following theorem.
Theorem5.Assume that for a given state yñ∣ andmeasurements Z X,i i for parties = ¼ -i N1, , 1andDN and EN
for the last party, the following conditions are satisﬁed
= Ä =
= ¹
- +
= ¹
- + +⨂ ⨂ ( )( ) ( ) ( )Z
N
Z B
N
2
,
4 2
, D.4
l l i
N
l
l l i
N
l i N
1,
1
1,
1
,
with = ¼ -i N1, , 1, where, as before, +( )Bi N, is the Bell operator between the parties i andN corresponding to the
CHSHBell inequality
= Ä + Ä + Ä - Ä+ ( )( )B Z D Z E X D X E . D.5i N i N i N i N i N,
Moreover, we assume that
á ñ = Ä =-
= ¹
- + -⨂ ( )( ) ( ) ( )Z
N
Z Z
N
1
,
1
D.6i
l l i
N
i i
1,
1
with = ¼ -i N1, , 1. Then, for the isometry FN one has
yF ñ ñ = ñ ñÄ(∣ ∣ ) ∣ ∣ ( )xW0 aux . D.7N N N
Proof.Denoting = +( )Z D E 2N N N and = -( )X D E 2N N N , the action of the isometry can be explicitly
written as
åy y t tF ñ ñ = ¼ ¼ ñ ¼ ñ
t
t t t tÄ
Î
(∣ ∣ ) ∣ ∣ ( )
{ }
( ) ( )X X Z Z0 , D.8N N N N N
0,1
1 1 1
N
N N1 1
where t t t= ¼( ), , N1 with each t Î { }0, 1i and = + -t t[ ( ) ]( )Z Z1 2i ii i .
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It should be noticed that in general the operatorsZN andDNmight not be unitary, and one should consider~
XN and
~
ZN , which by constructions are unitary.However, as already explained in appendix A, their action on yñ∣
is the same as the action ofXN andZN, thus, for simplicity, we use these operators.
Theﬁrst bunch of conditions (D.4) implies that the normof
y yñ = ¼ ¼ ñ+ -+ ++ -+∣ ∣ ( )( ) ( ) ( ) ( )Z Z Z Z D.9i i i N1 1 1 1
is N2 , which togetherwith the second set of conditions in (D.4) implies that the normalised states
y yñ = ñ∣ ∣N 2i i violatemaximally theCHSHBell inequality between the parties i andN for
= ¼ -i N1, , 1. This, by virtue of what was said in lemma 1 , yields the following identities
y- ñ =( )∣ ( )Z Z 0 D.10i N i
y+ - - ñ =[ ( ) ( )]∣ ( )X I Z X I Z 0 D.11i N N i i
y ñ ={ }∣ ( )Z X, 0. D.12i i i
They immediately imply that all terms in . (D.8) for which one element of τ equals one and the rest equal zero
vanish. To see it explicitly, let t = 1i and t = 0j for ¹j i. Then, for this τ, y yñ = ñt - +∣ ∣( ) ( )X Z Zi i N i . Applying
(D.10) to the latter and exploiting the fact that =- +( ) ( )Z Z 0i i , one ﬁnallyﬁnds that y ñ =t∣ 0.
Let us now consider those components of (D.8) for which τ obeys t t= = 1i N with = ¼ -i N1, , 1and
t = 0j with ¹j i N, . Then, the following chain of equalities holds
y y
y
y
y
y
¼ ¼ ñ = ñ
= ñ
= ñ
= ñ
= ¼ ñ
+
-
+ -
+
+ -+ - - -
- -
- +
+ +
+ +
∣ ∣
∣
∣
∣
∣ ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
Z Z X Z Z Z X Z X Z X Z
X Z X Z
X Z X Z
Z Z
Z Z , D.13
i i i i N N N i i N N i
i i N i i
i i i N i
i N i
N
1 1 1 1
1
where the second equality stems from (D.10), the third from (D.11), and,ﬁnally, the fourth equality is a
consequence of the anticommutation relation (D.12) and the fact that =Xi2 .
With all this inmind it is possible to group the terms in (D.8) in the followingway
yF ñ ñ = ñ ñ + WñÄ(∣ ∣ ) ∣ ∣ ∣ ( )xW0 aux , D.14N N N
where yñ = ¼ ñ+ +∣ ∣( ) ( )N Z Zaux N1 and Wñ∣ contains all those terms forwhich τ containsmore than two ones
or exactly two ones but t = 0N .
Now, our aim is to prove that Wñ =∣ 0. To this endwe ﬁrst notice that (D.6) imply the following correlations
y yá ñ =- +∣ ∣ ( )( ) ( )Z Z
N
1
, D.15i j
where ¹i j and = ¼ -i j N, 1, , 1. This is a direct consequence of the fact that ( )Zi , which in turn implies
that each of correlators in (D.15) is bounded from above by y yá ñ-∣ ∣( )Zi and frombelow by
y yá ¼ ¼ ñ+ -+ - ++ -+ -+∣ ∣( ) ( ) ( ) ( ) ( ) ( )Z Z Z Z Z Zi i i N N1 1 1 2 1 and both are assumed to equal N1 (see (D.6)).
Theﬁrst relation in (D.15) together with (D.6) and the fact that + =+ -( ) ( )Z Zj j yields y yá ñ =- -∣ ∣( ) ( )Z Z 0i j .
This, due to the fact that - -( ) ( )Z Zi j is a projector, allows one towrite
yñ =- - ∣ ( )( ) ( )Z Z 0 D.16i j
for = ¼ -i j N, 1, , 1. This is enough to conclude that Wñ =∣ 0, whichwhen plugged into (D.3), leads directly
to (F.6) because each component in Wñ∣ has either three ti which equal 1, or two ti that equal one but
then t = 0N .
Since the self-test relies on themaximal violation of theCHSHBell inequality by a set of states y ñ∣ i
= ¼ -( )i N1, , 1 , it also inherits self-testing of the optimal CHSHmeasurements,meaning that
y s
y s
F ñ ñ = ñ Ä ñ
F ñ ñ = ñ Ä ñ
Ä
Ä
( ∣ ∣ ) ∣ ∣
( ∣ ∣ ) ∣ ∣ ( )
( )
( )
Z xW
X xW
0 aux ,
0 aux D.17
N i
N
z
i
N
N i
N
x
i
N
for = ¼ -i N1, , 1, and
y s s
y s s
F ñ ñ = ñ Ä + ñ
F ñ ñ = ñ Ä - ñ
Ä
Ä
( ∣ ∣ ) ∣ ∣
( ∣ ∣ ) ∣ ∣ ( )
( ) ( )
( ) ( )
D xW
E xW
0 aux
2
,
0 aux
2
. D.18
N N
N z
i
x
i
N
N N
N z
i
x
i
N
This completes the proof. ,
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It should be noticed that our self-test of theW state exploits two observables per site and, as in the case of the
partially entangledGHZ state, the number of correlators one needs to determine is N2 , and thus scales linearly
withN.
Appendix E. Complete self-test of all the symmetricDicke state
Herewe show that the above self-test of theN-partiteW state can be used to construct a self-test of all theDicke
states. Let us recall that Dicke states can bewritten in the followingway
åñ = ñ ñ- Ä - Ä( )∣ (∣ ∣ ) ( )D Nm P 0 1 , E.1Nm
i
i
N m m
1 2
where the sum is over all permutation of anN-element set andm=0,K,N (there is +N 1 such states). Let us
notice that aDicke statewith  ⌊ ⌋m N 2 is unitarily equivalent to aDicke statewith  ⌈ ⌉m N 2 , i.e.,
sñ = ñÄ -∣ ∣D DNm z N NN m for = ¼ ⌊ ⌋m N0, , 2 . For this reason belowwe consider theDicke states
with  ⌊ ⌋m N 2 .
Interestingly, to self-test Dicke states we can exploit the previously demonstrated self-test of theW state. This
follows from the fact that anyDicke state can bewritten as
ñ = - ñ ñ + ñ ñ- --∣ ( ∣ ∣ ∣ ∣ ) ( )D
N
N m D m D
1
0 1 E.2N
m
N
m
N
m
1 1
1
which, after recursive application, allows one to express ñ∣DNm in terms of theDicke states of smaller number of
particles
åñ = ¼ ñ ñ
¼ =
+
-S
- - +-S
- -
( )
( )
∣ ∣ ∣ ( )D i i D, , , E.3Nm
i i
m
m
N
m
N m m
m
, , 0
1
1
1 1 1
N m1 1
1
2
1
2
whereS = +¼+ - -i iN m1 1. Due to the fact that ñ∣DNm is symmetric, the above decomposition holds true for
any choice of - -N m 1parties in the ﬁrst ket in (E.3).
Having settled some basic information about the symmetric Dicke states, we can nowmove on to
demonstrating how they can be self-tested. To facilitate our considerations we showhow to self-test the
following unitarlity equivalent state
å
sñ= ñ
= ¼ ñ ñå
¼ =
+
-S
- - +
-
- -
( )
( )
∣ ∣
∣ ∣ ( )
( )xD xD
i i xD, , . E.4
N
m
z
N
N
m
i i
m
m
N
m
N m m
m
, , 0
1
1
1 1 1
N m1 1
1
2
1
2
We then notice that the state corresponding to =¼= =- -i i 0N m1 1 is exactly sñ = ñ+ Ä + +∣ ∣( )xD xWmm x m m1 1 1 with
ñ+∣xWm 1 deﬁned in (D.1)).Moreover, since ñ∣xDNm is symmetric on theﬁrst -N 1parties, the state
s ñÄ + +∣( ) xWx m m1 1 will appear in any decomposition of the form (E.4) inwhich any choice of - -N m 1parties
from theﬁrst -N 1ones are in state ñ∣0 . Importantly, we already knowhow to self-test theW state
s ñÄ + +∣( ) xWx m m1 1 . However, due to the transformation sÄ +( )x m 1 wehave tomodify the conditions speciﬁed in
theorem5 in the followingway:
« = ¼ -
 -  -
+ - ( )
( )
( ) ( )Z Z i N
D E E D
1, , 1 ,
and . E.5
i i
N N N N
Now, to self-test aDicke state ñ∣DNm for any  ⌊ ⌋m N 2 we can proceed in the followingway:
(i) Project any - -( )N m 1 -element subset i of theﬁrst -N 1parties of yñ∣ (there are -- -( )NN m11 such
subsets) onto Î +⨂ ( )Zj ji and checkwhether the state corresponding to the remaining parties satisﬁes the
conditions for sñ = ñ+ Ä + +∣ ∣( )xD xWmm x m m1 1 1 .
(ii) For every sequence t t t= ¼( ), , N1 consisting of +m 1 ones on the ﬁrst -N 1 positions, check that the
state yñ∣ obeys the following correlations
y yá Ä¼Ä ñ =t t∣ ∣ ( )( ) ( )Z Z 0, E.6N1 N1
where = + -t t[ ( ) ]( )Z Z1 2i ii i
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Let us now see inmore details how the above procedure allows one to self-test ñ∣DNm . It is not difﬁcult to see that
theﬁrst condition leads us to the following decomposition

y fF ñ ñ = ñ Ä ñ ñ + FñÄ
Î
+ Ä - - +
⎡
⎣⎢⎢
⎤
⎦⎥⎥(∣ ∣ ) ⨂ ∣ [∣ ∣ ] ∣ ( )
( ) ( )Z xD0 0 E.7N N
l
l i
N m
m
m
i
1
1
i
i
for any = ¼ -- -( )i NN m1, , 11 , where all i stand for different - -( )N m 1 -element subsets of the
-( )N 1 -element set ¼ -{ }N1, , 1 , and f ñ∣ i is deﬁned as

f yñ = ñ
Î ¼
-∣ ⨂ ∣ ( )
{ }⧹
( )X Z . E.8i
l N
l l
1, , i
In otherwords, to construct f ñ∣ i from yñ∣ one has to act on the latter with -( )X Zl l on all parties who do not
belong to i. Finally, Fñ∣ i is some state from the globalHilbert space collecting the remaining terms.
Let us now show that all the states

f fñ = ñ
Î
+∣ ⨂ ∣ ( )( )Z E.9i
l
l i
i
are the same. To this end, wewill exploit the conditionsD.10–D.12, which are clearly preserved under the
transformation (E.5)
y y- ñ = ñ( )∣ ∣ ( )X X E.10i N
for any = ¼ -i N1, , 1. Consider two vectors f ñ∣ i and f ñ∣ j such that the corresponding sets i and j share
- -N m 2 elements (remember that these sets are equinumerous). Let q and p be the two elements bywhich
these sets differ, i.e., Îp i ( Îq j) and Ïp j ( Ïq i). Then, using the condition (D.12)we turn the
operator -( )X Zt t into +( )Z Xt t at positions t=q and t=N for the state f ñ∣ i , and, analogously, at positions t=p
and t=N for the state f ñ∣ j .We utilise the fact that y yñ = ñ∣ ∣X Xi N for all = ¼ -i N1, , 1 stemming from
(E.10), which shows that f fñ = ñ ∣ ∣i j . Finally, repeating this procedure for all pairs of states for which the
corresponding sets i differ by two elements, oneﬁnds that f fñ º ñ~∣ ∣i for all i.
As a result, the state (E.7) simpliﬁes to
y fF ñ ñ = ñ ñ + FñÄ(∣ ∣ ) ∣ ∣ ∣ ( )xD0 , E.11N N Nm
Fñ∣ is a vector from the globalHilbert space deﬁned as
å y tFñ = Ä¼Ä ñ Ä ñ
t
t t t t∣ ( ∣ ) ∣ ( )( ) ( )X Z X Z , E.12N N1 1 N N1 1
where the summation is over all sequences t t t= ¼( ), , N1 that contain less than - -N m 1zeros (or,
equivalently,more thanm ones) on theﬁrst -N 1positions.
Now, to prove that Fñ =∣ 0 it sufﬁces to exploit the second step in the above procedure. That is, the
condition (E.6) is equivalent to
yÄ¼Ä ñ =t t ∣ ( )( ) ( )Z Z 0 E.13N1 N1
for every sequence t t¼( ), , N1 consisting of +m 1ones at theﬁrst -N 1positions. Then, every component of
the vector in (E.12) contains a sequence of at least +m 1 -( )Z operators, which by virtue of (E.13) implies that
Fñ =∣ 0. This completes the proof.
For the self-testing ofmeasurements the same argumentation as in the case ofW-state self-test applies:
y f s
y f s
y f s s
y f s s
F ñ ñ = ñ Ä ñ = ¼ -
F ñ ñ = ñ Ä ñ = ¼ -
F ñ ñ = ñ Ä + ñ
F ñ ñ = ñ Ä - ñ
⎛
⎝⎜
⎞
⎠⎟
⎛
⎝⎜
⎞
⎠⎟
( ∣ ∣ ) ∣ ∣ ( )
( ∣ ∣ ) ∣ ∣ ( )
( ∣ ∣ ) ∣ ∣
( ∣ ∣ ) ∣ ∣
( )
( )
( ) ( )
( ) ( )
Z xD i N
X xD i N
Z xD
X xD
0 ... 0 1, , 1 ,
0 ... 0 1, , 1 ,
0 ... 0
2
,
0 ... 0
2
.
i z
i
N
m
i x
i
N
m
N
z
N
x
N
N
m
N
z
N
x
N
N
m
Analogously to theN-partiteW state the total amount of correlators necessary for self-testing of anyDicke
state scales linearly withN. This is because one essentially needs to obtain the same correlators as for theW state.
Appendix F. Self-testing the graph states
In this sectionwe provide the detailed proof of the self-test of graph states, stated in theorem4.
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Before proving the theoremwe need tomake some introductory remarks. Let y ñ∣ G be anN-qubit graph state
that corresponds to a graph = { }G V E, , where = ¼{ }V N1, , andE stand for the sets of vertices and edges,
respectively. Recall that any graph state can bewritten in the following form
åy ñ = - ñm
Î
∣ ( ) ∣ ( )
{ }
( ) i
1
2
1 , F.1
i
i
G
N
0,1 N
where the summation is over all sequences = ¼( )i i i, , N1 with =i 0, 1j , and m ( )i is the number of edges
connecting qubits being in the state ñ∣1 in ket ñ∣i (without counting the same edge twice).
Let then ni be the set of neighbours of the ith qubit, that is, all those qubits that are connectedwith i by an
edge, while by n∣ ∣i wedenote the number of elements in ni. Likewise, we denote by ni j, the set of neighbours of a
pair of qubits i and j, i.e., all those qubits that are connected to either i or j (notice that n n=i j j i, , ), and n∣ ∣i j, the
number of elements of ni j, .We also assume that the parties are labelled in such away that qubits -N 1andN are
connected and the partyNhas the smallest number of neighbours, i.e., n n∣ ∣ ∣ ∣N i for all i.
Themain property of the graph states underlying our simple self-test is that bymeasuring all the neighbours
of a pair of connected qubits i j, in the sz basis, the two qubits i and j are left in one of the Bell states (see
propositions 1 in [34]):
s sÄ +ñ + -ñ( )(∣ ∣ ) ( )1
2
0 1 , F.2z
m
z
m
i j
wheremi (mj) is the number of parties from set n ⧹ji j, (n ⧹ii j, )whose result of ameasurement in sz basis was−1,
andwherewe have neglected an unimportant−1 factor thatmight appear.
We are now ready to prove themain theorem. Let us denote = Änt n tÎ( ) ( )Z Zl li j i j l, , , where τ is an n∣ ∣i j, -element
sequencewith each t Î + -{ },l (the operator nt( )Z i j, acts only on the parties belonging to ni j, ).
Theorem6. Let yñ∣ andmeasurements Z X,i i with = ¼ -i N1, , 1and
º º- +Z D E Z, , , ,N N N N D E N D E2 2N N N N satisfy the following conditions
á ñ = á Ä ñ =nt n nt n-- - - - - ( )
( )
∣ ∣
( ) ( )
∣ ∣Z Z B
1
2
,
2 2
2
F.3N N
m m
1,
,
N N N N N N
N N
N N1, 1, 1,
1
1,
for every choice of the n∣ ∣i j, -element sequence t . The Bell operators - -( )BN Nm m1, ,N N1 are deﬁned as
= - Ä + + - Ä -- - -- -( ) ( ) ( ) ( ) ( )( )B X D E Z D E1 1 , F.4N Nm m m N N N m N N N1, , 1 1N N N N1 1
where -mN 1 andmNare the numbers of neighbours of the qubits, respectively, -N 1andN (excluding theNth qubit
and -N 1th qubit, respectively) which are projected onto the eigenvector of -Zi .
We then assume that
á ñ = á Ä Ä ñ = -nt n nt n
( ) ( )( ) ∣ ∣
( )
∣ ∣Z Z Z X
1
2
,
1
2
F.5i j
m
i j i j i j
j
i j, , , ,
for all connected pairs of indices ¹i j except for¹ -( )N N, 1 . As before, = Änt n tÎ( ) ( )Z Zl li j i j l, , . Then, for the isometry
FN one has
y yF ñ ñ = ñ ñÄ(∣ ∣ ) ∣ ∣ ( )0 aux . F.6N N G
Proof.The conditions in (F.3) imply that the normalised state
y yñ = ñt n nt- - -∣ ∣ ( )
( ) ∣ ∣ ( )Z2 F.7N N1, N N N N
1,
1,
violatesmaximally theCHSHBell inequality, which in turn implies that
y yñ = ñ =t t- - - - { }∣ { }∣ ( )( ) ( )X Z X Z, 0 and , 0, F.8N N N N N N N N1 1 1, 1,
where = +( )X D E 2N N N and = -( )Z D E 2N N N . These identities hold true for any of n∣ ∣2 i j, projected
states y ñt-∣ ( )N N1, , and therefore itmust also hold for the initial state yñ∣ , i.e.
y yñ = ñ =- -{ }∣ { }∣ ( )X Z X Z, 0 and , 0. F.9N N N N1 1
This is because one can always decompose yñ∣ in the eigenbasis of the operator n -Z N N1, which is a tensor product
ofZ operators acting on the neighbours of i j, .
Then, let us focus on the second bunch of conditions (F.5). They imply that the length of the projected
vectors y yñ = ñt nt∣ ∣( ) ( )Zi j, i j, is n∣ ∣1 2 i j, , so is the normof y ñt∣ ( )Zi i j, and y ñt∣ ( )Xj i j, for any connected pair ¹i j. This
togetherwith (F.5)mean that the vectors y ñt∣ ( )Zi i j, and y ñt∣ ( )Xj i j, are parallel or antiparallel, or,more precisely, that
y y- ñ = ñt t( ) ∣ ∣ ( )( ) ( )Z X1 F.10m i i j j i j, ,j
for any connected pair of parties ¹i j.
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Let us now consider one of the parties connected to the party -N 1 (theremust be at least one such party as
otherwise theNth onewould not be the onewith the smallest number of neighbours or the graphwould be
bipartite).We label this vertex by -N 2. It then follows from conditions (F.10) that for the particular pair of
vertices - -N N2, 1, one has the following identities
y yñ = - ñt t- - - - - --∣ ( ) ∣ ( )( ) ( )X Z1 F.11N N N m N N N2 2, 1 1 2, 1N 2
and
y yñ = - ñt t- - - - - --∣ ( ) ∣ ( )( ) ( )Z X1 F.12N N N m N N N2 2, 1 1 2, 1N 1
hold true for all conﬁgurations of τ.With their aid the following sequence of equalities
y y
y
y
y
y
ñ= - ñ
= - ñ
=- - ñ
=- - ñ
=- ñ
t t
t
t
t
t
- - - - - - - -
+ - - - -
+ - - - -
- - - -
- - - -
-
- -
- -
-
∣ ( ) ∣
( ) ∣
( ) ∣
( ) ∣
∣ ( )
( ) ( )
( )
( )
( )
( )
X Z X X
X Z
Z X
Z Z
Z X
1
1
1
1
F.13
N N N N
m
N N N N
m m
N N N N
m m
N N N N
m
N N N N
N N N N
2 2 2, 1 2 1 2, 1
1 1 2, 1
1 1 2, 1
1 2 2, 1
2 2 2, 1
N
N N
N N
N
1
1 2
1 2
2
holds true for any choice of τ, where ﬁrst and the second equality stems from (F.12) and (F.11), respectively, the
third one is a consequence of the anticommutativity of -XN 1 and -ZN 1. Finally, the fourth and theﬁfth equality
follows again from (F.12) and (F.11), respectively.
Since the identity (F.13) is obeyed for any conﬁguration of τ, itmust also hold for the state yñ∣ , that is,
yñ =- -{ }∣X Z, 0.N N2 2 Taking into account the conditions (F.3), this procedure can be recursively applied to
any pair of connected particles, yielding (together with (F.9))
yñ ={ }∣ ( )X Z, 0 F.14i i
for any i=1,K,N. ,
The action of the isometry is given by
åy yF ñ ñ = ¼ ¼ ñ ¼ ñÄ
¼ =
(∣ ∣ ) ∣ ∣ ( )( ) ( )X X Z Z i i0 . F.15N N
i i
i
N
i i
N
i
N
, , 0
1
1 1 1
N
N N
1
1 1
Let us now consider a particular term in the above decomposition inwhich the sequence ¼i i, , N1 has >k 0
ones at positions ¼j j, , k1 , i.e.
y¼ ñ
Ï
+
Î
-⨂ ⨂ ∣ ( )( ) ( )X X Z Z , F.16j
i
j
i
l I
l
l I
l
j
k
jk
1
1
where = ¼{ }I j j, , k1 . By using the previously derived relations, wewant to turn this expression into one that is
proportional to the auxiliary state yÄ¼Ä ñ+ + ∣( ) ( )Z ZN1 . To this end, let usﬁrst focus on the party jk and consider
one of its neighbours whichwe denote by l. For this pair of parties, the conditions (F.10) imply that
y yñ = - ñ∣ ( ) ∣ ( )X Z1 , F.17j j l m l j l, ,k k jk k
where, to recall,mjk is the number of neighbours of jk being in the state ñ∣1 except for l. The above identity
togetherwith the anticommutativity relation yñ ={ }∣X Z, 0j jk k allow us to replace in (F.16) the operator-( )X Zji jkk k by - +( ) ( )Z Z1 m j ljk k . Now, if the value of il in the corresponding ket ¼ ñ∣i i, , N1 is zero, the last operatorZl
can be simply absorbed by +( )Zl , while if il=1, one uses that fact that = -- -( ) ( )Z Z Zl l l , meaning that one has an
additionalminus sign. Altogether this turns the operator -( )X Zj
i
jk
k
k
into - +¢( ) ( )Z1 m jjk k , where ¢mjk is the number of
neighbours of jk (including il)which are in the state ñ∣1 . Plugging this into(F.16)we can rewrite the latter as
y- ¼ ñ¢
Ï ¢
+
Î ¢
-
-
-( ) ⨂ ⨂ ∣ ( )( ) ( )X X Z Z1 , F.18m j
i
j
i
l I
l
l I
l
jk
j
k
jk
1
1
1
1
where now ¢ = ⧹{ }I I il , and sowe have lowered the number of elements of I by one. It should be stressed that
this affects the numbers of neighbours of those parties that are still in ¢I , whichwill be of importance forwhat
follows.
Now,we can apply recursively the same reasoning to the remaining elements of ¢I , keeping inmind that at
each step one element is removed from ¢I .We thus arrive at
y- Ä¼Ä ñm¢ + +( ) ∣ ( )( ) ( ) ( )Z Z1 , F.19i N1
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with m¢ deﬁned as
åm¢ =
=
>( ) ( )i m , F.20
l
k
j
1
l
where >mjl is the number of neighbours of i jl being in the state ñ∣1 and having smaller indices than jl, or, in other
words, those elements of = ¼{ }I j j, , k1 smaller than jl that are neighbours of i jl. One immediately notices thatm¢( )i equals m ( )i for a given i, and therefore by applying the above reasoning to every term in (F.15), one arrives
at
åy yF ñ ñ = Ä¼Ä ñ Ä - ñmÄ + +(∣ ∣ ) ( ∣ ) ( ) ∣ ( )( ) ( ) ( ) iZ Z0 1 , F.21
i
i
N
N
N1
which after normalising both terms can bewritten as
y yF ñ ñ = ñ ñÄ(∣ ∣ ) ∣ ∣ ( )0 aux F.22N N G
with yñ = Ä¼Ä ñ+ +∣ ( )( ∣ )( ) ( )Z Zaux 1 2N N1 .
Once relation (F.14) is satisﬁed for all is the proof formeasurement self-testing goes along the same lines as
the proof for the self-testing of the state. Let us check how isometry Fn acts on the state yñ∣˜Xi . Equation (F.18)
takes the form:
å
å
å
y y
y
y
s y
F ñ ñ = - ¼ ñ
= - ¼ ñ
= Ä¼Ä ñ Ä - ñ
= ñ Ä ñ " Î ¼ -
m
Ä ¢
Ï ¢
+
Î ¢
-
Å
¢ +
Ï ¢
+
Î ¢
-
+ + Å
-
-
-
-
( ∣ ∣ ) ( ) ⨂ ⨂ ∣
( ) ⨂ ⨂ ∣
( ∣ ) ( ) ∣
∣ ∣ ˜ { }
˜ ( ) ( ) ˜
˜
( ) ( )
( ) ( ) ( ˜)
(˜)
i
X X X Z Z X
X X Z Z
Z Z
i N
0 1
1
1
aux , 1, 2, , 1 ,
i
i
N i
N
I l
m
j
i
j
i
l I
l
l I
l i
I i l
m
j
i
j
i
l I
l
l I
l
N
i
x
i
G
,
,
1
1
jk
j
k
jk
jk
j
k
jk
1
1
1
1
1
1
1
1
where Å ˜I i is equal to ˜I i if Îi˜ I and to È ˜I i otherwise, and m Å( ˜)i i is the number of edges connecting
qubits being in the state ñ∣1 in ket Å ñ∣ ( ˜ )i i0 ... 0 0 ... 0 (without counting the same edge twice). Similarly it can be
shown that
y s y
y s s y
y s s y
F ñ ñ = ñ Ä ñ " Î ¼
F ñ ñ = ñ Ä + ñ
F ñ ñ = ñ Ä - + ñ
Ä
Ä
Ä
⎛
⎝⎜
⎞
⎠⎟
⎛
⎝⎜
⎞
⎠⎟
( ∣ ∣ ) ∣ ∣ ˜ { }
( ∣ ∣ ) ∣ ∣
( ∣ ∣ ) ∣ ∣
˜ (˜)
( ) ( )
( ) ( )
Z i N
D
E
0 aux , 1, 2, , ,
0 aux
2
,
0 aux
2
.
N i
N
z
i
G
N N
N x
N
z
N
G
N N
N x
N
z
N
G
Finally, for self-testing graph-states one has tomeasure + ∣ ∣E3 correlators, where ∣ ∣E is the total number of
edges, which even for the fully connected graph is strictly better scaling than the complexity of quantum state
tomography.
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